We show that the concept of dynamical monodromy plays a natural fundamental role in the spatiotemporal dynamics of counterpropagating nonlinear wave systems. By means of an adiabatic change of the boundary conditions imposed to the wave system, we show that Hamiltonian monodromy manifests itself through the spontaneous formation of a topological phase singularity (2-or -phase defect) in the nonlinear waves. This manifestation of dynamical Hamiltonian monodromy is illustrated by generic nonlinear wave models. In particular, we predict that its measurement can be realized in a direct way in the framework of a nonlinear optics experiment. Introduction.
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-The geometric analysis of complex dynamical systems is known to provide valuable physical insight, in particular with regard to the robustness of a physical phenomenon identified empirically. An illustrative example of the richness of this geometrical qualitative approach is provided by the Berry phase [1] , which generated an immense interest throughout different fields of physics and quantum chemistry. Another important example is provided by the concept of Hamiltonian monodromy. It may be regarded as the simplest topological obstruction to the existence of global action-angle variables in Hamiltonian integrable systems governed by ordinary differential equations (ODE) [2] . The quantum analogue of this concept was formulated in [3] and was the starting point of numerous studies of ODE relevant to both classical and quantum physics, which revealed that monodromy is a universal phenomenon that occurs in many different physical situations [4] . Our aim in this Letter is to show that the concept of monodromy finds a remarkable application in systems ruled by partial differential equations (PDE). We consider a system of counterpropagating nonlinear waves, which is in essence an infinite dimensional dynamical system. It was recently shown that this kind of PDE system exhibits a relaxation process toward a stationary state, which lies in the neighborhood of a singular torus associated with the corresponding ODE system [5, 6] . Since singular tori are responsible for the existence of nontrivial monodromy in Hamiltonian ODE systems [2] , the natural important question that arises from these works is the problem of the existence of Hamiltonian monodromy in PDE systems. This paper can be viewed as a first step in this new and open field of research.
Hamiltonian monodromy has been mainly used to characterize integrable physical systems from the static point of view. More recently, it has been proposed to extend this concept to a dynamical process in nonautonomous ODE systems, by introducing an abstract time-dependent perturbation in the system [7] . Here, we show that the dynamical concept of monodromy acquires a natural physical application in the framework of the spatiotemporal dynamics of PDE wave systems. Indeed, by means of an adiabatic change of the boundary conditions, the system goes through a series of stationary states whose corresponding projection in the energy-momentum diagram describes a closed loop. The numerical simulations of the PDE system reveal the spontaneous formation of a phase singularity (i.e., 2 phase defect) in the waves when the loop encloses the singular torus, whereas no phase shift is observed for a trivial loop that does not enclose the singularity. We show that this phenomenon is a manifestation of the nontrivial Hamiltonian monodromy of the system. In particular, the evolution of the phase of the nonlinear wave possesses all the topological properties of Hamiltonian monodromy [2] . The numerical simulations of the PDE also reveal that the formation of the phase defect is a robust phenomenon of the spatiotemporal dynamics. Furthermore, we generalize our results to fractional Hamiltonian monodromy [8] , which is characterized by the formation of a fractional -phase singularity in the wave. Remarkably, in this case the wave does not recover its initial state when the system is subjected to a closed loop. Finally, we underline that the numerical simulations presented here correspond to a realistic nonlinear optical experiment, in which a manifestation of the nontrivial monodromy of the system could be measured in a direct way.
A PDE model.-As an illustrative example, we consider the nonlinear evolution of a wave in a periodic potential, a problem that finds applications in a variety of physical systems, ranging from optical waves in nonlinear gratings, electrons in crystals, or periodically confined Bose-Einstein condensates [9, 10] . We analyze the one-dimensional spatiotemporal dynamics of the nonlinear wave in the neighborhood of a forbidden frequency band gap,
The American Physical Society where u and v are the counterpropagating complex wave amplitudes, which originate in Bragg reflections of the nonlinear wave on the periodic potential. and are the linear and nonlinear coefficients, respectively. When the following boundary conditions uðz ¼ 0; tÞ ¼ u 0 and vðz ¼ L; tÞ ¼ v L are imposed at the ends of the medium of length L, we observe, under rather general conditions, that the PDE system exhibits a relaxation process toward a stationary state [5] . The dynamics of the stationary solutions is governed by the Hamiltonian H
The corresponding Hamiltonian system is integrable since the momentum K ¼ I u À I v is a constant of motion. The energy-momentum diagram (H, K) of this system exhibits an isolated singular point at H ¼ K ¼ 0 associated to a singular pinched torus [see Fig. 1 ]. It was shown in Ref. [5, 6] that the relaxation process is due to the presence of this singular torus and that the stationary state lies in a regular torus in the neighborhood of the singular one. Using general arguments about monodromy [2] , one can show that the stationary system exhibits a nontrivial monodromy. Our objective is now to construct a dynamical spatiotemporal process that reveals the manifestation of this topological behavior.
Numerical simulations.-Starting from a given stationary state of the system and a fixed length L of the medium, we change adiabatically the boundary conditions I u ð0Þ, u ð0Þ, I v ðLÞ, and v ðLÞ. For sufficiently slow variations of these parameters, the spatiotemporal dynamics follows adiabatically the stationary states associated to the boundary conditions. We choose these conditions in such a way that the stationary system describes a loop in the energymomentum diagram (H, K). We plotted schematically in Fig. 1 two examples of loops that we followed in the simulations by integrating numerically the PDE system (1). Figures 2 and 3 
Note that the nontrivial loop cannot be smoothly deformed to avoid surrounding the singular point. In Fig. 2(a) , each point of the diagram corresponds to the averagesK ¼ R L 0 Kðz; tÞdz=L andH ¼ R L 0 Hðz; tÞdz=L of H and K over the length L at times t ¼ n (n ¼ 0; 1; Á Á Á ; N), where N is the number of points in the loop and is a fixed time interval. We have also plotted in Fig. 2(b) the evolution of the phase difference u ðLÞ À u ð0Þ as a function of time. We observe that the phase difference varies linearly with n and acquires a 2 shift over the course of the loop. This is in contrast with the simulation of the trivial loop, in which the phase difference u ðLÞ À u ð0Þ returns back to its initial value once the loop is completed [see Fig. 3 ]. The mechanism underlying the formation of the 2 phase singularity in the PDE system is reported in Fig. 4 : At n ¼ 75 the modulus of the wave u vanishes exactly at z ' L=2, which thus permits the phase to exhibit the 2 discontinuity. The field u subsequently preserves the phase defect for n > 75, until it recovers its initial state (modulo 2) at t ¼ N [see Fig. 4(a) ]. Note that the field vðz; tÞ exhibits an evolution similar to uðz; tÞ.
The simulations of the nontrivial loop have been realized for different values of the time . For ¼ 500, we are in the quasiadiabatic regime; i.e., the loop described by the spatiotemporal dynamics is very close to the ideal adiabatic loop, the average difference jH ÀHj being lower than 10 À5 . As expected, the dynamics becomes more perturbed as the time decreases [see Fig. 2 ]. However, the remarkable result is that the PDE system still describes a loop around the singular point, even for times as small as ¼ 10 [ Fig. 2(a) ]. The robustness of this topological property becomes even more apparent through the analysis of the temporal evolution of the phase difference u ðLÞ À u ð0Þ reported in Fig. 2(b) . It reveals that the phase shifts are independent of the values of the times . This shows that the PDE space-time dynamics exhibits a topological behavior, which is close to the behavior of the adiabatic regime. We shall see in the following that these numerical observations constitute a signature of the nontrivial monodromy of the system.
Manifestation of nontrivial Hamiltonian monodromy.-Hamiltonian monodromy is a topological property which is related to the change of the action-angle coordinates along a loop in the energy-momentum diagram. In its simplest form, for a two degree of freedom Hamiltonian system, the monodromy can be computed from the rotation number Â and the first return ''time'' Z [2] which are two functions of H and K [we recall that the variable z plays the role of an evolution time variable for the stationary ODE system (1)]. On a regular torus, the orbits of the momentum K are circles parametrized by the angle conjugate to K. Z is the time needed for an orbit of H to reach the orbit of K starting from a point of this orbit, while Â ¼ ðZÞ À ð0Þ measures the twist of this flow [see Fig. 1 ]. In this example, the essence of the concept of monodromy resides in the multivaluedness of the function ÂðH; KÞ, which exhibits a 2 discontinuity along a loop surrounding the singular point, while Z has no variation. During the relaxation process, the spatiotemporal system converges towards a stationary state that depends on the length L and on the boundary conditions. Recalling that the stationary state converges toward the singular torus as L ! 1 [5] , it can be shown numerically that L=Z ! 1 for L sufficiently large. In addition, using the generating function F ¼ ðI u À I v Þ þ I v c where the angle c is conjugate to the momentum J ¼ I v , one obtains that u ¼ and v ¼ c À . This yields a relation between the rotation number and the phase u of the form u ðLÞ À u ð0Þ ' Â when L ' Z. This explains the topological nature of the phasedefect formation discussed in Fig. 2 . In particular, the 2 phase shift of the wave is due to the 2 discontinuity of Â, which thus represents a signature of the nontrivial monodromy of the system.
The linear dependence of u ðLÞ À u ð0Þ vs n reported in Fig. 2(b) can be explained through the analysis of the evolution of Â with respect to the curvilinear coordinate along the loop, s ¼ tan À1 ðH=KÞ. In the neighborhood of the singular point (h ¼ 0, k ¼ 0) where nonlinear cubic terms of Eq. (1) can be neglected, it can be shown that
. This Fig. 2(b) , the wave exhibits a -phase-shift discontinuity. Parameters are " ¼ 0:1, ¼ 2, and ¼ 100.
week ending 7 JANUARY 2011 topological property also characterizes the PDE system, since this linear behavior has been observed numerically beyond the adiabatic regime [see Fig. 2(b) ].
Extension to fractional monodromy.-This study may be generalized to nonstandard forms of Hamiltonian monodromy, such as fractional monodromy [8] . We illustrate this by considering the degenerate configuration of the resonant three-wave interaction [12] ,
where " and are two real parameters. The corresponding stationary system is associated to an integrable Hamiltonian H defined by
where
This system admits a nontrivial fractional monodromy [8] . The corresponding energy-momentum diagram is reported in Fig. 5(a) , together with a loop surrounding the singular pinched torus at H ¼ K ¼ 0 and crossing the singular red line of curled tori. We followed this loop numerically by integrating Eq. (3). As illustrated in Fig. 5(b) , the wave v acquires a phase-shift discontinuity over the loop, in contrast with the 2 discontinuity discussed above through Fig. 2(b) . This is a consequence of the existence of a fractional monodromy in the system (3). We remark that, because of this fractional phase shift, the initial and final states of v in the loop are different, although their corresponding coordinates in the energymomentum diagram coincide.
Conclusion and experimental perspectives.-We point out that the numerical simulations reported in Figs. 2 and 3 refer to a realistic experimental configuration that may be implemented in the context of nonlinear optics with currently available technology [9] . The nonlinear medium refers to a piece of Bragg-grating optical fiber, which is pumped at both ends by two optical waves whose frequencies match the Bragg frequency and whose amplitudes and phases may be modulated appropriately so as to describe loops in the energy-momentum diagram.
In summary, this work can be viewed as a new step in the understanding of the influence of the singularities of the stationary system on the spatiotemporal dynamics governed by PDEs. In this framework, another open question is the analysis of the relationship between these singularities and the soliton solutions of the PDEs in the corresponding infinitely extended medium.
